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Researchers in math education have devoted numemnks to the problem of learning
proof. Particularly sensitive is the specific rgien to propositional logic and formal
reasoning in teaching devices aimed at learningfpieor Duval (1995), the ability to
validate reasoning using criteria other than gragmsensus or empirically induced
information is a condition necessary for learningrial proof. But “... the knowledge of
these rules [according to which the propositiosaganized in a reasoning intrinsically
linked to a language, natural or formal] does rextassarily make one aware of the valid
or non-valid nature of a reasoning, any more thaowkedge of grammatical rules
enables a majority of students to write correct{gp. cit., p. 212, our translation).
Although recognized in the French-speaking mathealatommunity, the work of R.
Duval is not widespread in the Anglo-Saxon communWhile Dreyfus (1999) devotes a
short paragraph to it in his article/summary, “Wlghnny Can’t Prove”, it is not even
mentioned in otherwise exhaustive overviews by Esy1997) or Epp (2003). In this
article, we give an initial account of an experimemhich relies primarily on research
orientations proposed by Duval (1995; 1991) witmedlifferences, as stated in Tanguay

(2005, § 4.1), and to which more recent considenativill be added.



1. Theoretical setting

1.1. Argumentation versus Formal Proof

The reader may refer to Duval (1991; 1995, chapfov)a detailed characterization of
argumentation and formal proof, which are, in hsaw two radically different types of
reasoning. Like Balacheff (1987), Duval employs #rench term démonstration’to
refer to formal proof, establishing that a statementrue in compliance with the rules of
propositional logic, by deductively chaining otheatements either already proved or
taken for granted as axioms. In argumentation,toeg to convince one’s interlocutor by
putting forward ‘arguments’, which are propositi@wmnbined for the purposes of mutual
reinforcement or confrontation, according to twang® of view: the target-statement is

either true or false.

Propositions are brought into argumentation foirthentents obey criteria ofelevance
and are organized, asd#éscourse by simpleaccumulation Formal proof has the more
uncompromising structure of a (propositionadmputation consisting of chained
inferencesor deductive step€ach proposition in a given inference has oneobuhree
operative statusegremise (or entry proposition), rule of inferereed conclusion (or
inferred proposition). This status is independdrdamtents, as a proposition may change
its status within the same proof; more often, thierred proposition is ‘recycled’ as a
premise for the next inference. This explains whfomamal proof is referred to as a
computation: it makes use of substitutions — tlmseof the rules are substituted by the
premises so that the conclusion may be ‘detachedind-of chaining by transitivity, as

in an algebraic setting.
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An Inference, or Deductive Step

Duval’s main thesis regarding the difficulty foudents in learning formal proof, is that
they don'’t easily grasp its specific requiremebes;ause they perceive and treat it as if it

were an argumentation. What are the reasons fectrfusion?

First, linguistically, argumentation and formal pf@re conveyed in the same way, using
the same connectors (and, or, but, because, hé&nce, then, etc.), their function
nevertheless differing in each (Duval, 1992-93)xtNevhether the source is teacher or
textbook, because the (local) ternary structurentdrences is almost never explicitly
stated in formal proofs:

the inference is more often reduced to the binagmé of the underlying

implication, with the inference rule implicit;

when two inferences are chained, the common proposs not repeated;

there is no explicit verification that the premiseslude all terms of application

of the rule;

the theoretical status of the inference rule may have been previously

established, as is often the case with proofs usamgformational geometry, etc.



Also, the global structure of more-than-one-stepntd proofs is too often unintelligible
to students. This global structure is seldom lingarg. the graphs in Annex), but even
when using the two-column format, (Affirmation 1lusfification 1, Affirmation 2,
Justification 2...), proofs are displayed in a lin@aanner, in the mode of spoken or
written discourse. They are assimilated as sucyolbmg students, who have this ‘spoken
way of coping with the written’ diagnosed by Du\@001); that is, without pausing,
without returning to already stated propositionghaut taking a step back to get the
global picture and to grasp elements of macro-orgdion; without any mental
reorganization, by which some of the propositioepasated out in the text may be

brought together; in short, without reflection...

Lastly, and perhaps more fundamentally, studentstndetach themselves from the
epistemic semantical valy®uval, 1995, p. 222) of the propositions, whisthe degree
of reliability allotted to the content — obviousrtain, plausible, unlikely, impossible...

— so0 as to be able to acknowledge the variabifityre propositions’ operative status.

1.2. Truth Value as Impediment

Indeed, it is often stated that in geometry, theegative obviousness — the widespread
‘you can tell from the diagram!” — hinders studémesasoning (see for instance Chazan,
1993). But how is it that so many students who hes@milated the instruction ‘you’re
not allowed to rely on the diagram’, remain unalide meet the requirements of
geometrical proof? In Tanguay (2005a), we havertesehat students who succeed at
stemming the epistemic value of obviousness, must face a more subtle obstacle,

which we identify astruth value as impedimentor the sake of explanation, let's



consider Johnrlya 13-year-old student, who is working with thegdrthatevery kite has

a pair of congruent opposite angles

[AD] @ AB]| DABDis isocele! A
DADB@ BABD,

[cD] @ BC] DBCDis isocele: D B
DBCDB@ ECBD,

which implies that

mesbD

me® ADB+ mde3 CDB
mesbABD+ me® CBD
mesbB .

To understand the proof, Johnny has to dissockaetrith of the statement ABD is
isoceles’ from the truth of the statemenABD is iso-angles’, which in his mind always
go together. Note indeed that a student of VaneHievel 2 (e. g. Crowley, 1987 or
Burger and Shaughnessy, 1986) has a tendency t@damate’ properties, and, when
asked for a definition, to give what Van Hiele ltafled a ‘litany of properties’, that is, a
list of all the properties they know which pertéanthe object being defined. For instance,
in defining an isosceles triangle, this student d@nswera triangle with two congruent
sides, two congruent angles, which possesses aetyynaxis But to grasp the structure
of the proof, Johnny must understand that sidd¢3 pnd [AD] are ‘already’ congruent,
while the base angles are ‘not yet’ congruent, tvhio him, is rather bewildering: how

could the statement ABD is isoceles / iso-angles’ be half-true??!!!

L with apologies to Morris Kline and Tommy Dreyfus.
2 According to the Van Hieles, it is only when reimchlevel 3 that students become able to follow or
produce short formal proofs, as well as longerrimi@ jusitifications.



He becomes convinced that, as his teachers haeategpyear after year, mathematics is
unique among the sciences in that each statemesit Imeueither unambiguously true or
false. And this sometimes in spite of his own ustierding: “Squares are rectangles” is a
true statement because... (Furinghetti & Paola, 19®time numbers are odd” is a false
statement because... (Zazkis & Levy, 2001). He almoimes aware of the pitfalls of
perceptive obviousness, particularly in geometry, lis textbook argues thatABD is
indeed isosceles! As long as Johnny perceives ribef @s an argumentation, aiming to
convince that ‘ABD is isoceles-isoangles’ is a true statement, thith twill act as a

screen and impede his reasoning.

1.3. From Truth of Propositions towards Validity of Deductive Steps
The next example will throw more light on this issThe following research experiment
is described in a collective work published undier direction of Jean Piaget. The French
psychologist B. Matalon (1962) put thirty childreaged 6 to 12, to the following test.
Two light bulbs, one red and one green, are hiddea box with flaps, so that the
researcher can show one light bulb while keeping dther hidden. He gives the
following instructions: “These two bulbs cannottbhened on whenever and however you
want. If the red light-bulb is on, then the gremi-bulb is on.” The researcher then asks
the child:
1. The red light is turned orjHe lifts the corresponding flap]s the green light on
2. '(I)'L(e)fIZd light is turned offHe lifts the flap] Is the green light on or off?

3. The green light is turned ofHe lifts the flap] Is the red light on or off ?
4. The green light is turned ofHe lifts the flap] Is the red light on or off ?

Twenty-seven of the thirty children correctly ansegequestion 1, while fifteen correctly

answered question 4 (“If the green light is turr&@ the red one cannot be on”).



Respectively, only six and five children correctigswered questions 2 and 3, a correct
answer, according to Matalon, being ‘I can’t teBut in analyzing the results, Matalon is
very careful not to conclude that an incorrect aarsveé necessarily a sign that the
implication ‘if red is on, then green is on’ is dosed with its converse ‘if green is on,
then red is on'. Initially, he acknowledges tha¢ imswer, ‘I can't tell’, is very difficult

to obtain from children, who, from school, are a&tomed to every question having an

answer. But according to him, this is not the swlenain reason for this difficulty.

For a mind strongly bound to the concrete, it iffidilt to dissociate reality from
judgment on this reality: while the subject knoveslwhat the light is turned on or
is turned off, these two states being exclusivd,t@nce that only one of the two
answers istrue’, we are expecting an answer of an other levelclwli fact
focuses on the knowledge that the subject can fmngenot on the condition of
the equipmentop. cit., p. 79, our translation).

Even though the context here is quite specific,haee arrived at the very core of the
obstacle to which we are referring. The child stabefore a hidden light and this light is
either on or off. Likewise, the student has twargles in front of him and these triangles
are congruent or are not. There is nothing to ledlper the child or student understand
that the expected answer is on another levelvileadre interested in neither the truth of
the statement ‘the light is on’ or ‘the triangles @ongruent’, but rather in the validity of
the inferred statement ‘I can conclude absolutedt the light is on’ or ‘I can conclude
(for example, by SAS) that the triangles are coegtu Adhering to mechanisms of
formal proof requires a radical shift in level, fmothe pragmatic to the theoretical
Balacheff, 1987). That is, a fundamental re-focgsifrom the truth of propositions

towards the validity of deductive steps in reasghin

% The two thousand year long saga of the Parall@mcould well be seen as an epistemological shadow
of the obstacle we are considering. As long astrilith of the Parallel Axiom — would two indefinitel
produced parallel lines eventually meet or not? -pd dts‘provability’ have been the focus of



2. Research Hypotheses and Questions; Designing Tasks

We have adopted some of the research orientatioogoged by Duval (1991): to
dissociate deductive organizational tasks from isgartasks; to create interplay between
a non-discursive representation (via a propositigraph) and a written processing of the
proof. By momentarily changing register — going nfrowritten or spoken natural
language register, to setting some of the workhi@a graphic register — we expect

students to re-evaluate their understanding offlme@rgumentation.

But for the student to understand how the necesditshained propositions creates the
foundations for the truth of the target-statemém, goal of the ‘geometrical game’, he
must adhere to that ‘other level’, to a theoret&taindpoint where the rules of the game
are no longer the same. We dissociate ourselves Baval's research orientations by
assuming that students can’t subscribe to thisafagaching the goal until they have, at
the very least, grasped the (new) rules. We thasider a sequence of introductory tasks,
in which students work oralready constructed graphsThese tasks consist in the
reconstruction of a geometrical proof by organizprgpositions, handed out higgledy-
piggledy, within the empty boxes of an orientedptrdsee below). Students must also
assign a number to each ‘inference-arrow’, accgrtiinthe chosen rule of inference (see
Annex). Once the graph is reconstituted, they nmuste up the proof ‘in their own

words’.

mathematicians such as Khayyam, Saccheri or Legetite statement itself has created short cireurts
flaws in reasoning. It is only when the focus sftoward the Parallel Axiom’s operative statushimit
different possible geometries that the problemoiridependence was definitively solved.



The oriented graph on a large display

The research questions are the following:

Are tasks such as these likely to help studentséeting the requirements of
formal proof?
Do such tasks foster this necessary re-focusingn fthe pragmatic to the
theoretical, from the truth of propositions towatls validity of inferences?
To what extent do they contribute to better mastery

o of the deductive structure?

o of the logical rules necessary for formal reaso®ing

The target-statements dealt with in the sequenge haen chosen because their proofs
require subtle coordination of implications and wenses (see Annex). This research is
part of a larger project conducted according tontehodology of Design Research (e.g.

Edelson, 2002 or Steffe & Thompson, 2000).
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3. The Research Experiment
3.1. Setting and Data
The sequence of tasks (see Annex) was conductédowé grade ten class (15-16 years
old) in May 2005 and two grade eleven classes ({@L§€hrs old) in May 2006. Students
worked in teams, of two or, for the most part, gar€he grade ten class was allotted a
fifty-five minute period for each task, one per daythree days in a row. The two grade
eleven classes worked on the three tasks conselyutduring a two and a half hour time
segment. The collected data consist of:

- video recordings of two teams in each class;

- photographs of the large displays (with the gragdetched on them) ;

- researcher’s notes;

- some of the written proofs (not all teams had timénish the writing).

The data were analyzed according gualitative perspective (Patton, 1990).

3.2.  Some Excerpts from the Data and Conclusionsdm their Analysis

Let us first mention that except for one team ddimgyfirst task and one team doing the
third task, all twenty teams managed to fulfill tfeeonstruction of the graphs, with, in
some instances, hints from the researcher or lsistast. It is striking that, when they
arrive at the correct reconstruction, the studamtsabsolutely convinced that they got it

right. They also appeared to enjoy the tasks.

1. The deductive structure, consisting of chainedrerfees, is neither spontaneously

nor easily understood by many students.

Irrelevant aspects are taken into account, e.gclsieg for symmetry in the

graph. For instance:
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Searching for symmetry in the graph

Statements are ‘flattened out’, are put on the sdewel, as in an
argumentation. For instance, even though membef®am 6 acknowledged
early that W is a point on’ was the proposition to be proved in Task 1,
student Wilf places * is the bisector of A4C]' in the last box, stating: “It's
because they are three [referring to and ]. We have to prove that this one
is the perpendicular bisector. That's it, isn’'t”itP seems that from Will's
point of view, showingW is a point on’ and showing ‘ is the perpendicular
bisector of AC]' amounts to the same thing. He has certainly kght of
which propositions belong to the hypothesis (theeg). In analyzing the
discussion between the three members of Teamdpjit@ of its awkwardness,
we are able to evaluate the extent to which adadiffiand subtle coordination
of the geometrical and logical aspects is requirecbrder to understand

organization of the proof. Will shows a clear lawksuch coordination, and

4 The names are fictitious.
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dealing with one aspect at a time, is led to prep@solution such as graph
15, above. Xavier draws his own diagram, tryingdhiar see it in relation to
Rules and . He attempts to understand the logical organinatiod says,
in response to Will's proposal (Graph 15, abov@&ut‘you don’t know that
measure of AB] equals measure oAL]! Where does it come from if you
place it on the left side [of the grapht] It took one half-hour and twenty
different transitory states of their graph, but nbens of Team 6 did arrive at
the correct one. Xavier then validated their solutby verbalizing aloud each
inference while keeping track with his own diagram.

The strict ‘algorithmic nature’ of inferences — whi would enable a
computer or a robot to find the inferred stateméatying the rule and the
premises — is not well understood. Deductive shustand redundancies (see
below) are indicators of this misunderstanding. &wsthnding the algorithmic
nature of inferences — in particular, realizing tth@ach inference is
independent of the others and can be validatedateha— did help several

teams.

® The researcher and his assistant had decidedxthan asked for validation by a team, they woutdsite

two inferences, one good and one bad, and askubers to explain them in their own words. To atste
one team, the researcher gave the additional é@xpiit: ‘You should be able to validate each deihec
step independently’, after which the team quickdyne unblocked.
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Misunderstandings of the algorithmic nature of infeences

2. Working backwards from the end to the beginningdéedo better and faster
achievements. Working this way, one team took teas 15 minutes to reconstruct
each proof, 2 and 3. The researcher did withesgeams getting unblocked after he
suggested they work this way.

3. The role played by rules of inference is underestgd. Teams who (tried to)
establish the rules after the fact were generadhy slow achievers, and wandered a
lot before they grasped some of the proof's org#tional elements. In at least two
clear cases, according to the data, we have sadengs getting unblocked in their
reconstruction of the proof, as they began to thkerules into account and make the
effort to understand their precise meaning.

4. The logical confusion between implications and @ees did not emerge in the
specific context of solving these tasks. For instgamo team proposed a solution for
the first task in which inference rules and  would be interchang&dWithout

being conclusive, this fact nevertheless suggestsjn Durand-Guerrier (2003),

® In one of the videos, we do hear a girl talkingatthe rules and saying: “It seems to me thaand
they are alike. [...] They seem to say the same thidgfortunately for the researcher, her two pargne
didn’t notice or discuss the subject any further.
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Dumont (1982) or Matalon as we quote him ih3 that contexts and standpoints are
factors of predominant influence on students’ agtmeents involving logic and that
in any case, imputing poor performance in provimn@ tack of mere logical skill is an
over-simplification. This issue certainly deserfsher investigation.

5. From a research perspective, the written proofsrateconclusive. In the case of the
grade ten class, there was not sufficient time levthie students of the two grade
eleven classes didn’'t take the writing assignmemnipasly. We refer the reader to
Tanguay (2005a; 2005b) for a lengthier discussibwrding assignments related to

this type of tasks.

4. Conclusion

The discussion among team members (see, for irstafavier's response to Will's
proposal, § 3.2.1) is focused by these tasks oprihase, acute elements of the deductive
structure. Notwithstanding the need for more redeasnd experimentation — for
instance a comparative study measuring the imgastich activities on learning formal
proof — the aforementioned observation suggestswioek required by the proposed
tasks contributes to students’ better understandirfgrmal proofs’ deductive structure.
This involves much more than being fussy about &ism. The transfer, from what
appears to be a satisfactory understanding of af @iod of how the general ideas are
linked in it, to a logically written and controllgagroduction of the proof, constitutes a
fundamental leap for students and hinges on theisteny of the deductive structure.
Here, we meet up with Dreyfus’ concern: “Why [aite¢ students unable to give a decent
explanation in spite of the fact that they seerhdwee a satisfactory understanding of the

guestion and its answer (or of the problem andatstion)?” (1999, p. 87).
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In light of this experiment, what we have calle@ thlgorithmic nature of inferences’
(third item in § 3.2.1) is a crucial issue. Thessks allow students to work specifically on
this issue, as a fundamental characteristic of &npnoof. We suggest that instructions
such as

the inferred statement can be algorithmically detered by a computer having

the rule and the premises in its memany

each deductive step is independent of the othatsray be validated separately
should be explicitly stated and discussed in clalssing what is called by French

didacticiensthe ‘institutionalization-phase’ of such activgie

We are not saying that every geometrical proof kEhauvolve such activities. In our
view, they are designed as a trigger, a ‘transitiabject’ (Duval & Egret, 1989, p. 35)
which should later evolve, as students are inonghsiassigned components of the task:
choosing and stating the rules, constructing ttalyr choosing and stating propositions
We are convinced that the target-statements shibeld be chosen in such a way that
students work ‘backward’, from a relatively sopluated statement, to less sophisticated
statements, as in the sequence proposed here. dileesophisticated statement would be
non-intuitively attainable, not immediately congielé to be true; a statement that gives
rise to a real ‘enjeu de vérité’ (Grenier & Payaf98). The less intuitively demanding
statements would then be those arising naturallg, td the need to formally prove the
initial statement. This way of functioning beingettmost common in mathematical
research, we expect that such an approach woukkeehe epistemological justification
(Harel, 2007, RUME opening plenary talk) necesgargain students’ involvement and

commitment.
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ANNEX : The Sequence of Three Tasks

Note: In the list of justifications given to studentstive first task, only justifications ,
and appear.

List of justifications

Transitivity of equality: ifx=y andy =z thenx=z

A point on the perpendicular bisector of any segmpQ] is necessarily
equidistant from the end-poinBsandQ.

A point equidistant from two point8 andQ is necessarily on the perpendicular
bisector of segmenP[Q).

Definition of perpendicular bisectoof [PQ]: the unique line passing through the
mid-point of [PQ] and making a right angle withQ.

Definition of mid-point of [PQ]: the point betweenP and Q on line PQ,
equidistant fronP andQ.

Definition of congruenceébetween two triangles: two triangles amgruentwhen
their homologous elements (sides and angles) eveame measurement.

The SSS criterion: if the three sides of a trianglave respectively same
measurement as the three sides of another triatighe, the two triangles are
congruent.

The SAS criterion: if two sides and the includetgla of one triangle have
respectively the same measurement as the two aidescluded angle of another
triangle, then the two triangles are congruent.

The ASA criterion: if two angles and their shareide of one triangle have
respectively the same measurement as the two aagteshared side of another
triangle, then the two triangles are congruent.

If point O is betweerP andQ on linePQ, then any poinZ outsidePQ determine
anglesbZOP andbzOQ, which are supplementary.

Definition of right angle an angle having the same measurement as its
supplementary.

Before asking students to reconstruct the firsppsitional graph, the researcher presents
an example of a deductive step and introduces ritimli target-statementthe three
perpendicular bisectors of any triangle meet in qoént He then gives the following
explanation, while drawing the geometrical diagi@amthe blackboard:

“Let DABC be any triangle. Le be the mid-point of AB], N the mid-point of
[BC] andL the mid-point of AC]. Let be the perpendicular bisector &fH],

the perpendicular bisector @] and the perpendicular bisector AA(]. Being
respectively perpendicular to lin@d8 andBC, which have poinB in common,
and cannot be parallel. L&V be their point of intersection. You must reconsitru
the deductive chaining which shows thiis also a point of.”
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The geometrical diagram

Solution for the first task

It should be mentioned that, at the start, a d#dimiwas the only information the students
had regarding perpendicular bisectors. The secoddhard tasks on which students were
later asked to work, consisted of showing eachtatements and in the list of
justifications.

Before asking the students to reconstruct the skpoopositional graph, the researcher
introduced the target-statement with the followexglanation:

“Let M be the mid-point ofAB] and be the perpendicular bisector éfg]. You
must reconstruct the deductive chaining which shidves any pointX on  is
equidistant from end-poin& andB. If X is the mid-pointM, there is nothing to
prove, adM is equidistant fronA andB by definition of amid-point So you may
consider thakX is different fromM.”
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Solution for the Second Task

Before asking students to reconstruct the thirdppsdional graph, the researcher
introduces the target-statement with the followexglanation:

“Just as beforelM is the mid-point of AB] and is its perpendicular bisector.
You must reconstruct the deductive chaining whibbws that any point at
equal distance from the end-poids®ndB is necessarily on. You may consider
thatY is not on lineAB, since the only point oAB equidistant fromA andB is the
mid-pointM, andM is on by definition of gperpendicular bisectot

Solution for the third task
The last proposition (the bolder box) is alreadittem in the (otherwise) empty graph.
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